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Abstract 

Point-form relativistic quantum mechanics is used to derive an expression for the electro- 
magnetic form factor of a pseudoscalar meson for space-hke momentum transfers. The elastic 
scattering of an electron by a confined quark-antiquark pair is treated as a relativistic two- 
channel problem for the qqe and qqej states. With the approximation that the total velocity 
of the qqe system is conserved at (electromagnetic) interaction vertices this simplifies to an 
eigenvalue problem for a Bakamjian-Thomas type mass operator. After elimination of the qqe'y 
channel the electromagnetic meson current and form factor can be directly read off from the 
one-photon-exchange optical potential. By choosing the invariant mass of the electron-meson 
system large enough, cluster separability violations become negligible. An equivalence with 
the usual front-form expression, resulting from a spectator current in the g"*" = reference 
frame, is established. The generalization of this multichannel approach to electroweak form 
factors for an arbitrary bound few-body system is quite obvious. By an appropriate exten- 
sion of the Hilbert space this approach is also able to accommodate exchange-current effects. 
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I. INTRODUCTION 



Elastic electron-hadron scattering is an important source of information on the internal 
structure of hadrons. Usually it is treated in the one-photon-exchange approximation so that 
the invariant scattering amplitude can be written as the contraction of a (point-like) electron 
current with a hadron current times the photon propagator 3^. For the phenomenological 
analysis of electron-hadron scattering the most general structure of the hadron current, 
compatible with Poincare covariance and current conservation, is assumed. The hadron 
current is a sum of independent 4-vectors multiplied by Lorentz invariant functions, the 
hadron form factors. The form factors are the observables which encode the electromagnetic 
structure of the hadron. The kinematic quantities that are available for constructing the 
hadron current are the 4-momenta of the incoming and outgoing hadron. The form factors 
are thus functions of the only Lorentz invariant variable one can build from these 4-vectors, 
namely the 4-momentum-transfer squared. 

The theoretical analysis of hadron form factors amounts to asking how the electromag- 
netic current of the hadron may be expressed in terms of the electromagnetic currents of 
the constituents. The fact that the hadron current cannot be a simple sum of the con- 
stituent currents has long been recognized From the transformation properties of the 
current operator J^{x) under Poincare transformations it is quite obvious that the trans- 
formed operator J'^{x') will, in general, be interaction dependent as soon as some of the 
Poincare generators contain interaction terms. The binding forces must thus also show up 
in the hadron current. How the binding interaction enters the hadron current is further 
restricted by current conservation and the physical condition that there be no renormaliza- 
tion of the hadron charge. The latter means that the hadron charge should be equal to the 
sum of the constituent charges, independent on whether the binding forces are present or 
not. For relativistic quantum mechanics of systems with a fixed number of particles the 
most general form of Poincare covariant tensor operators in a given dynamical model has 
been derived in Ref. j2|. One of the conclusions of the authors is that relativity alone does 
not provide any strong dynamical constraints on the electromagnetic current operator. A 
whole class of current operators for two- and three-particle bound states, which satisfies the 
requirements of Poincare covariance, current conservation and cluster separability, has been 
formally constructed in Ref. |i3i], where the existence of solutions for an arbitrary number of 
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particles has also been proved. For a comprehensive survey on the problem of constructing 
the electromagnetic current operator of a bound few-body system within the framework of 
relativistic quantum mechanics and the different attempts to solve this problem we refer to 
the introduction of Ref. sl- ^ 

The procedure for constructing current operators proposed in Ref. [3|] is based on the 
point-form of relativistic quantum mechanics. This form is characterized by the property 
that all 4 generators of space-time translations are interaction dependent, whereas the gener- 
ators of Lorentz transformations stay free of interactions. It thus provides a natural starting 
point for the construction of Lorentz-covariant tensor operators. Another issue which is 
naturally addressed in the point form is the problem of cluster separability, i.e. roughly 
speaking the property that arbitrary subsystems of an interacting system should not inter- 
act with each other, if they are separated by large space-like distances . The cluster 
separability condition for the electromagnetic current operator means that it must become 
the sum of subsystem current operators if the interaction between the subsystems is turned 
off. Cluster separability is closely related to the previously mentioned requirement that the 
charge of the whole system should not be renormalized by the interaction. 

By making use of the equivalence of the different forms of relativistic quantum mechanics 
the point-form results have also been obtained in the instant and front forms. It should be 
noted however, that all the results in Ref. are rather formal and no explicit application 
is presented. Subsequently the whole form factor analysis has been redone in the front 
form of relativistic quantum mechanics 71] and applied to the calculation of electromagnetic 
properties of the deuteron [sl] and the pion [9|]. 

In the present paper we will also exploit the virtues of the point form of relativistic 
quantum mechanics for the calculation of meson form factors within constituent quark mod- 
els. Our strategy, however, differs from the one in Ref. 3j. Rather than starting with the 
most general form of the electromagnetic current operator and trying to satisfy the covari- 
ance, current-conservation and cluster-separability constraints such that compatibility with 
a particular interaction model is achieved, we start with a Poincare invariant treatment 
of electron-hadron scattering in which the dynamics of the exchanged photon is explicitly 
taken into account. Since the one-photon-exchange optical potential is expected to have the 
structure of a current-current interaction it should be possible to extract the hadron current. 
Once this is done it will be necessary to investigate whether the resulting current has all the 
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desired properties and if not whether and how its deficiencies can be cured. 

The general Poincare invariant framework which we use to describe electron-hadron scat- 



tering will be presented in Sea 
Thomas type mass operator 



J It is a relativistic two-channel formalism for a Bakamjian- 
10|] in a velocity-state representation [11]. The two channels 
are either the electron-meson and electron-meson photon channels or the electron-quark- 
antiquark and electron-quark-antiquark-photon channels, depending on whether the prob- 
lem is considered on the hadronic or constituent level. The field theoretical vertices for the 
emission and absorption of aphoton are implemented in the Bakamjian-Thomas type frame- 
work as suggested in Ref. 12]. In Sec. Ill Al we will first demonstrate on the hadronic level 
that the one-photon-exchange optical potential has indeed the structure of a current-current 
interaction with a conserved meson current that transforms like a 4-vector under Lorentz 
transformations. This holds even if one allows for a phenomenological vertex form factor at 
the photon-meson vertex. The whole calculation will be repeated on the constituent level 
with an instantaneous confining potential between quark and antiquark in Sec. IIIBi In this 
way a microscopic meson current which is conserved and behaves like a 4-vector can again 
be extracted from the one-photon-exchange optical potential. By comparing appropriate 
matrix elements of the one-photon-exchange optical potentials on the hadronic and on the 
constituent level the electromagnetic form factor will be identified in Sec. IIIII But it will 
turn out not to satisfy the required cluster properties. By going to the infinite momentum 
frame of the meson the form factor becomes a simple analytical expression and satisfies the 
cluster separability property. As a first numerical application the electromagnetic pion form 
factor will be calculated with a simple harmonic-oscillator wave function. In Sec. IIV Al it 
will be shown that our form factor result is equivalent to the usual front-form expression, 
resulting from a spectator current in the g"*" = frame. Section HVBl is devoted to a compar- 
ison with the so called "point-form spectator model" Q, [l^ - which is another procedure 
for calculating electromagnetic hadron form factors in point-form quantum mechanics. A 
summary and the possibility for further generalizations and applications of the formalism 
presented in this paper will be given in Sec. |Vl 
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II. MASS OPERATOR FOR ELECTRON-MESON SCATTERING 



As already mentioned in the introduction, we will treat the electromagnetic scattering 
of an electron by a pseudoscalar meson as a two-channel problem for an appropriately 
defined mass operator. This mass operator acts on a Hilbert space which is the direct sum 
of the incoming and outgoing electron-meson states and the intermediate electron-meson- 
photon states. Decomposing an arbitrary mass eigenstate of the system l^^) into components 
belonging to these two channels, — IV^em) + \'4^eM'y)-i the eigenvalue equation for the 
mass operator M\ip) — m\'ip) becomes a system of coupled equations for the respective 
components: 

MeM\i^eM) + K'^\'4^eM-y) = rn\^eM) , 

K\lpeM) + MeM-yllpeM-y) = "^I^'eMt) ■ (l) 

K and are vertex operators that are responsible for the emission and absorption of a 
photon, MeM and MeM-y are mass operators for the free electron-meson and electron-meson- 
gamma systems, respectively. We can solve the second equation for \ipeM-t) and insert the 
resulting expression into the first one to end up with a non-linear eigenvalue equation for 

[UeM - rnj \ipeM) = (j^eMj " rnj K\lpeM) -■ Vopt{m) \lpeM) ■ (2) 

The right-hand side of this equation describes the action of the one-photon-exchange optical 
potential Vopt on the \ipeM) state. 

Particular matrix elements of the optical potential are needed for the identification and 
extraction of the electromagnetic meson form factor. We derive them first for the case where 
the composite nature of the meson is taken into account by means of a phenomenological 
form factor at the photon-meson vertex. In the sequel we will redo the calculation for the 
case where the meson is treated as a quark- antiquark bound state that has the quantum 
numbers of the meson. In the latter case the photon couples directly to the point-like 
constituent (anti) quark. A comparison of both cases will finally allow us to identify the 
electromagnetic current of the meson and to express the electromagnetic meson form factor 
in terms of the quark- antiquark bound-state wave function. 



6 



A. Hadronic level 



Relativistic invariance of our quantum mechanical description of electron-meson scat- 
tering is guaranteed if one is able to find a realization of the Poincare algebra in terms 
of operators that act on the direct sum of the eM and eM'-y Hilbert spaces. This can be 



achieved by means of the, so called, "Bakamjian-Thomas construction" [10|. Its point-form 
version amounts to the assumption that the free 4-velocity operator V^^^^ can be factored 
out of the (interacting) 4-momentum operator, 

= PLe + ^nt = (Miree + Mnt) V.L , (3) 

SO that one can concentrate on studying the mass operator M = Mfree + ^int • The Poincare 
algebra is satisfied provided that the interacting part of the mass operator Mint is a Lorentz 
scalar and commutes with Vf'^^^- For this kind of construction it is advantageous to represent 



the mass operator and the Poincare generators in a basis that consists of velocity states 
An n-particle velocity state \v; ki, /ii; ^2, 1^2] ■ ■ ■] kn, fin) is simply obtained by starting from 
a multiparticle momentum state in its rest frame and boosting it to overall 4-velocity v 
{v^v^ = 1) by means of a canonical spin boost Bc{v) Q], i.e. 

n 

A;2,/X2; • • • ; 4,/in) = f^BcW l^i^/^i; ^2,/i2; • • • ; 4,Atn) with ^ A;^ = . (4) 

i=l 

The denote the spin projections of the individual particles. By construction one of the kiS 
is redundant. In the following we will make extensive use of orthogonality and completeness 
relations of the velocity states. For a system of n > 2 particles with 4- momenta fcj, masses rrii, 



energies 0;^. := y mf + kf, and spin projections /Xj, i = 1, . . . , n, we have the orthogonality 
relation 

{v ; k^, Hi] k2, /i2) • • • ) kn, v; ki, /ii; k2, IJ.2] ■ ■ ■] kn, fin) 

lZ^i=i^fcJ \i=i ) \i=i ) 

Here we have taken (without loss of generality) the nth momentum to be redundant. The 
corresponding completeness relation reads: 

ii,2,...,n- 2^ 2. ■■■ 2. y (27r)3^o U|(27r)32^.J 2^,„ 

X \v; ki. Hi; k2, ^2;- kn, Hn) {v, h, l^i, k2, ^2;- kn, Hn\ , (6) 



where ji is the spin of the ith particle. One of the big advantages of velocity states as 
compared with the usual momentum states is that under a Lorentz transformation A the 
Wigner rotation is the same for all particles, i.e. 



X \Av; Rw{v, A)ki,n[] Rw{v, A)fc2, 1^2, ■ ■ ■ ] Rw{v, A)kn, n'n) , (7) 

with the Wigner-rotation matrix 

R^{v,A) = B;\Av)AB,{v). (8) 

In a velocity-state basis the Bakamjian-Thomas type 4-momentum operator, Eq. Q, 
becomes diagonal in the 4-velocity v. This is a special feature of the Bakamjian-Thomas 
construction which, in general, does not hold for arbitrary interacting relativistic quantum 
theories. It is, in particular, not possible to factorize the 4-momentum operator of an 
interacting point-form quantum field theory as in Eq. ([3]) [15]. The vertex operators K and 
K'' in Eq. ([2]), which are responsible for photon emission and absorption, can therefore not 
directly be taken from point-form quantum electrodynamics. One rather has to make the 
approximation that the total 4-velocity of the system is conserved at the electromagnetic 
vertices to end up with a Bakamjian-Thomas type mass operator. In Ref. [l^ it has been 
demonstrated in some detail that this is a way to implement general field theoretical vertex 
interactions into a Bakamjian-Thomas type framework. If we denote the velocity states 
of the eM and eM'y systems by \v; ke, ^e] kM) and \v; ke, fie] kM', k^, fi-y), respectively, the 
(velocity conserving) electromagnetic vertex interaction takes on the form (l2|] 

{v ; fcg, /Xg; kjif] k^, K |f; kg, fXf,] k^) = {v] k^, /Xej 1"^^ i ^e? A'-e) ^Mj 1^^) 

= vo - V) ^^^11 (9) 

X {v'; fc^, /x^; 4; k'^, (/(Am) A^t"(0) + A^t(O)) 1^^; /x^; ^m) , 
with jCfj^^{x) and £f^^(a:) representing the usual interaction densities for scalar and spinor 



quantum electrodynamics 16| . This is a very natural way to introduce field theoretical vertex 
interactions into the Bakamjian-Thomas framework, but as a drawback the mass operator 
does not cluster properly. But as will be shown, if the invariant mass of the electron-meson 
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system is made sufficiently large, the effect of the wrong cluster separability property is 
eliminated. The vertex form factor /(Am) depends on the magnitude of the difference of 
the invariant masses in the initial and final states, Am = | + ook^j — ~ ^k'j^^ ~ ^k'^ I • It 
is introduced at this place to account for the composite nature of the meson. Moreover, it 
also serves to partly compensate for the neglect of the off-diagonal terms in the 4-velocity 
and to regulate the integrals if necessary. But since this is not our primary goal, we do 
not introduce a second form factor at the electron-photon vertex. After evaluation of the 



matrix e 



become [17 1 



ements on the right-hand side of Eq. (Q the matrix elements of the vertex operator 



{v ; /Cg, /igj kj^yf', k^, /i^l K\v', k^, fie] ^Af) 
= vo6^{v' - v) 



75 ^^7l 



M ' 



X 



QeU^,XK)lvU^XK) e"(A:;,/u;) {2Txf2ukj\k!^, - k^.j) (10) 
+ Qm /(Am) ik'^ + ku). e"(fc;, /^;) {2Tifli^k^b\}^^ - K) 

— * 

where e(/c^,/i^) represent appropriately orthonormalized photon polarization vectors which 
satisfy the completeness relation 

3 

e^{k^,ii^){-g^-'^-')el{k^,ii^) = -g^,. (11) 

Note that due to this definition of photon polarization states the orthogonality and com- 
pleteness relations, Eqs. ([5]) and ([6]), have to be modified for each occurring photon such 
that 5^^^, ^ {-g^^^'.) and - E^,(-^?^^'^^)- 

What we want to calculate are matrix elements of the optical potential V^pt between 
velocity states of the eM system. To this aim we insert the velocity-state completeness 
relation for the eM7 system (cf. Eq. ([6])) into Eq. ([2]) and take matrix elements between 
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eM velocity states 



{v; fcg, /ig; k'^l Vopt{m) \v; He] ku) 
= {v'] fcg, /i'^; fc^l k'' (m^m-j - m) k\v] k^, fie] kM) 



(12) 



d^v" 



d^k'l 



^ ("^'^ ^e' A'-e! ^mI W'j f^e'i ^75 f^''y) 

X (t^fc// + t^fc//^ + Uk'^ - m) {v"; k", /i^'; fc^^; A;^^', k\v; k^, ^e] ku) ■ 

Here we have exploited that \v"; k", fi"; k'l^; k", are eigenstates of the free eM'j mass 
operator 

MeM-rl v"; kl, fx"; k'if, k", /i") = {ujk'j + ^^k'l^ + tUfe;') I v"; k", /i"; k'lf, k", fx") . (13) 

If one now makes use of Eq. flTUl) . a corresponding relation for K'^ , and the completeness 
relation, Eq. fllip . for the photon polarization vectors, the integrals in Eq. (1121) can be done 
by means of the delta functions and one ends up with 

(f fcg, /ig; fc^l Vopt{m) \v; ke, fie] ku) 

(2vr)3 



fo5 (-y" -v) 



xQeU^f^{k'^)-f^U^^{ke 



X 



/(Am) 



2uJk" 



+ 



Qhiik'M + k 



M u 



f{Am') 



(14) 



Here Am 



^kM + l^fce 



cufc"! and Am' 



l^fcAf + ^k' + l^fc" — ^k' — ^k'\, 



respectively. The two terms between square brackets correspond to the two possible time 
orderings, i.e. photon emission by the meson with subsequent absorption by the electron 
and vice versa. In evaluating the matrix elements of Vopt we have neglected self-energy 
contributions in which the photon is emitted and absorbed by the same particle. Although all 
double-primed variables should be eliminated by now, we have kept cj^,// for better readability. 
Since k" = ±{k'^ — k^) differs only in the sign for the two time orderings, uj^'^ = ^e)| 
is independent of the time ordering. 

Eq. IHM represents a general matrix element of the one-photon-exchange optical poten- 
tial. Electromagnetic hadron form factors, however, are usually extracted from the elastic 
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electron-hadron scattering amplitude, calculated in the one-photon-exchange approxima- 
tion. This means that we can restrict our considerations to on-shell matrix elements of Vopt 



for which m = t^^^^ + = ujy^^ + cu^/ and Uk^j = ujk'^^, Uk, = ujk'^ j36|. As a consequence 
we have Am = Am' = ojk'^ = |A;^j — /cmI = yf—QfiQ'^ = Q, with = k'^.j — kM being the 
4-momentum transfer between incoming and outgoing meson. With these relations the two 
terms in square brackets can be combined and the on-shell matrix elements of the optical 
potential can be expressed as a contraction of the electromagnetic electron current 

Jf,{K^^J'e^ke,He) = QeU^,'^{Zht^Uf,,{ke) (15) 

with an electromagnetic meson current 

^^"(^m; 4/) = Qm {k'M + kM)u f{Q) = ^r"'(4; kM) fiQ) (i6) 

multiplied with the covariant photon propagator —g^'^/Q^ (and a kinematical factor), 



(w'; /Cg, /ig; k'^l \4pt(m) \v; fcg, /ig; A;Af)on-sheii 



(17) 



Apart from the kinematical factor in front, the right-hand side of Eq. (fT7|) corresponds to 
the familiar one-photon exchange amplitude for elastic electron-meson scattering (calculated 
in the electron-meson center-of-mass system). It is therefore justified to interpret /(Am) 
in Eq. flTBl) as the electromagnetic meson form factor which parameterizes the composite 
nature of the meson in a phenomenological way. 

At this point a warning is in order. At first sight one may get the impression that the 
currents defined in Eqs. f|T5|) and f|T6l) transform like 4-vectors. This is not the case, since 
the momenta which appear in the currents are particle momenta in the center of mass of 
the electron-meson system. The effect of a Lorentz transformation on such momenta is 
just a Wigner rotation, as can be seen from Eq. ([7]). Currents with the correct covariance 
properties, however, can be obtained by going back to the physical particle momenta by 
means of a canonical boost with velocity v, i.e. pf^ = Bc{v)kf^ with i = e, M. If we define 
the electron and meson currents for the physical particle momenta by 

jM^ Pe, ^e) ■■= {B.{v));MZ /i'g; fcg, /ig) D'J^^:iR^\^, B^{v))) Dlil{R^\^, B^{v))) 

(18) 
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and 

jf'-'ip'M-, Pm) ■■= {B.{v))f Jf'-'ik'M; kM) (19) 

it can be checked that these currents exhibit the correct covariance properties under Lorentz 
transformations and are obviously conserved. 



B. Constituent level 



Our next objective will be to determine /(Am) starting from a microscopic constituent- 
quark model for the meson. We will proceed in a similar way as before with the only 
difference, that the mass operator of our coupled channel system is now defined on a Hilbert 
space which is the direct sum of channel Hilbert spaces consisting of electron-quark-antiquark 
\ilJeqq) and electrou-quark-antiquark-photou states I'lpeqq-y)- Furthermore, the quark-antiquark 
pair is assumed to be confined, so that the channel mass operators M^m and MeM-y in Eqs. ([T]) 
and (I2l) become 

MeM MeC = M,gg + Konf , M^My ^ MeC7 = ^eqqy + Konf , (20) 

where M^qq and Meqq-r are free mass operators for the electron-quark-antiquark and electron- 
quark-antiquark-photon systems and Konf is an instantaneous confinement potential acting 
between quark and antiquark. The subscript "C" of Mec and MeC'y should indicate that 
the channel mass operators provide already a clustering of the quark-antiquark subsystem. 
On the constituent level the vertex operators K and K'^ should describe the emission and 
absorption of a photon by a pointlike (anti) quark. To distinguish them from the hadronic 
case we will denote them by Kq^ and K^^. 

On the constituent level it is advantageous to introduce two sets of basis states. One set 
consists of velocity states that are eigenstates of the free channel mass operators, 

Meqq \ V] ke, He] kg, fig] kg, fig) = {Uk, + UJk^ + UJkg) \ V] k^, fie] kg, fig] kg, fig) , 

Mgggy | V, /ug , /igl kg, fig, kg, fig, ky , fiy) (^l) 
= {Ujk^ + UJkg + UJkg + UJk^)\v; ke, fie] kg, fig] kg, fig] ky, fly) , 

the other set consists of velocity states that are eigenstates of the channel mass operators 
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with confinement potential 

Mec I v:, 4, /i^; kc, n, j, rhj, [I, s]) = {uk^ + Uk^)] t;; £, /x^; fc^, n, j, m^, [[, 5]) , 

MeC^ I V] /i^; ^5 ^i' [^~' 5] ; H^) (22) 
= + uJk^ + o^fc^) I £, /i^; 1^, n, j, m^, [[, s];k^, /i^) . 

To distinguish these two sets of basis states we have underlined velocities, momenta and spin 
projections for the velocity states of qq clusters. {n,j,rhj, [l,s]) are the discrete quantum 
numbers of the qq cluster labeling orbital excitation, total angular momentum, its projection, 
orbital angular momentum, and total spin, respectively. The tilde should indicate that the 
corresponding quantum numbers are defined in the rest frame of the qq subsystem. Due 
to the occurrence of the discrete quantum numbers {n,j,mj, [l,s]) in cluster velocity states 
the orthogonality and completeness relations, Eqs. ([5]) and ([6]), have to be supplemented by 



corresponding sums and Kronecker deltas |l8 |. 



The quantities that can be directly compared with Eq. ( fl^ are on-shell matrix elements 
of the (constituent- level) optical potential V^p^^^ between cluster velocity states with the 
cluster possessing the quantum numbers of the meson. For a pseudoscalar meson one thus 
has to calculate 

{v!; k, fj/^; kc, n, 0, 0, [0, 0] I V:;r\ra) \ v; £, /x^; n, 0, 0, [0, O])on-shcii 
= {v!; /fl; n, 0, 0, [O, O] | (m^c^ - raj kg^\ v; £, /i^; k^ n, 0, 0, [0, 0]) , (23) 

with m = + uJk^ = ojy^ + uy^ and = Uf,'^ and = uy^. This can again be done by 
inserting completeness relations for free and cluster velocity states at appropriate places 



{v!; £, /i'^; kc, n, O, O, [O, O] | V:;^'\m) 1 1;; k,, /i^; fc^, n, 0, 0, [0, O])on-sheii 
= (t;^£,/i^;fe,n,0,0,[0,0]|l',^,itJ^l'V^ (m^c, - m)"' l^'^^ 

xi;;,-^ k,^t,,g 1 1;; £, /i^; fc^, n, 0, 0, [0, 0]) . (24) 

The matrix elements one needs to know are therefore typically scalar products between free 
and cluster velocity states as well as matrix elements of the vertex operators between free 
velocity states. With our normalization of velocity states, cf. Eq. (|5]), such matrix elements 
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are given by (see also Q) 
{v; ke, fie] kq, ^g] kg, /igl v; kg, /i^; k^, n, j, rhj, [I, s]) 



i rhs=-s ilg,fig=±l/2 ' "'^ 



^^nd\h\)yirHXh). (25) 



kg, flf,] kg, fXg] kg, fig] ky , fX^] V] g , fX^] l^Q, 71, j, Ul j , [l, S]] ^ ^ , /i^ ) 



X , 



2ujk2ujk^2ujk^ / 2cufc,2u;fc^_2^fc^ / 2a;^^2a;^_ 



X E E E Ckq:;4««iS.(«w(^,B(.,,o))fl;s,(«w(^,B(.,.))) 

(26) 



(f , fcg, /Xg, kg, fig, kg, fig, ^C^, |f , /ig) ) /^gj /^Ij) 



X (f ; kg, fig, kq, fig] k^, /i^; k^, fi^\ I C^2t{0) + Cf2t{0) ] jt"; ke, fie', kg, fig] kg, fig) 



f 5 {v — v) 



{2'Kf 



-1) 



Qg v.(^:)7.^^.(^e) e^^l^;, K) i2n)'2ujk5'ik' - kg) {2T,f2u:kJ\k' - kg) 



q- \-q 
3o, , XS/L/ 



+ QguAk')^,u,^{kg)e''{k',fi') {27^Y2uk,5\k'g - ke) {27c)'2uk,6\k' - kg) 



+ QgV^qikg)^uV^-^_ih) {'^'^f'^^k/\k'g - kg) {2'n)'2UJkq5\k'g - kg, 



(27) 



and the hermitian conjugate expressions, respectively. £?J^.(x) is again the usual interaction 
density for spinor quantum electrodynamics describing the coupling of the photon to a quark 
or antiquark. Spins and angular momenta are coupled in the rest frame of the qq subsystem. 



This is the reason that the Wigner D functions Dj^^ {Rw) relating the spin projection of the 
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FIG. 1: Graphical representation of the four contributions to the one-photon-exchange optical 
potential for the scattering of an electron by a quark-antiquark cluster. 

(anti)quark in the qq rest frame to the spin projection in the overall eqqlj) center-of-mass 
frame appear in Eqs. (!25|) and (126!) . The pertinent Wigner rotation is given by Eq. ([8]) with 

kqq _ kg + kq _ 7,0 , lO 



Vgg 



and mgg = k'q + kl = Jik<^g + kl)^-ikg + kgy. (28) 



For later purposes we note that k^ + kg + kg = ke + k^ = and hence kg + kg = k^ so that 
Vqq = k(-;/mgg. The u^j{\kg\) form a complete set of radial wave functions for the confined 
quark-antiquark pair orthonormalized according to 



dk k u^,j, {k)u^i{k) = 5^,;- . (29) 

The Yj^^lk) are usual spherical harmonics depending on A; = k/\k\. In Eqs. (1251) and fl26|) it 
has been assumed for simplicity that the confining potential is spin independent. 

With these results for the matrix elements most of the sums and integrals on the right- 
hand side of Eq. fl2^ (coming from the inserted completeness relations) can be carried out 
analytically by means of Dirac and Kronecker deltas. If self-energy contributions are again 
neglected the optical potential consists of four terms which are depicted in Fig. [H Here the 
blobs which connect the quark and antiquark lines symbolize integrals over wave functions 
of the incoming and outgoing quark-antiquark cluster. These integrals are the same for 
both time orderings, i.e. for the absorption and emission of the photon by the (anti)quark. 
Thus both time orderings can be combined, as on the hadronic level, and one is left with a 
photon-exchange contribution for the quark and another for the antiquark. If, in addition, 

15 




quark and antiquark have the same mass rriq = rriq, even the integrals for the quark and 
antiquark contributions become the same so that the final expression for the one-photon- 
exchange optical potential takes on a simple form on the constituent level comparable to 
that on the hadronic level (cf. Eq. f[T7|) ): 

{v!; C /fl; kc n, 0, 0, [0, 0] I V:;^r\m) 1 1;; £, /x^; kc^ ri, 0, 0, [0, O])on-sheii 

(30) 

with the (preliminary) microscopic meson current being given by 

^™(lc;lc) = (Q, + Q.-)v/^^ 

xu:,i\P^\)Y*,ik'^)ur,oi\i\)YooiK) Yl ^f^'^Kh'^^M (31) 

x<'^ f ^w(^, B^ivq,)) R^\^, B^ivq,)) i?w(^, 5c(<,)) i?w^(^, B^{v'J) 

According to our notation introduced previously, momenta without and with tilde satisfy 
ke + kq + kq = Q and kq + kg = 0, respectively. These two sets of momenta are connected via 
the canonical spin boost Bc{vqq), e.g. Bc{vqq)kq = kq. An analogous property holds for the 
primed momenta. Momenta with and without prime are are related by kq = kq + ikjQ—kc) — 
kq + k^ = kq + k-y. This means that we have 3-momentum conservation at the photon- 
quark vertex, a property which one would not expect in point-form quantum mechanics. 
Here it results from the velocity-state representation, in particular the associated center-of- 
mass kinematics, and the spectator conditions for electron and antiquark. For the physical 
momenta, i.e. the center-of-mass momenta boosted by Bc{v), none of the 4-momentum 
components is conserved at the electromagnetic vertices, in general (if v ^ 0). As we have 
seen already on the hadronic level, the denominator of the (covariant) photon propagator 
(which includes both time orderings) is given by = —q with = (fc'c^ — ^c')'^ being the 



4-momentum transfer between incoming and outgoing cluster [37j. The Wigner D function 
occurring in Eq. ( 13T1) results from combining individual Wigner D functions for the quark 
and antiquark. Thereby the sums over the spin projections can be carried out with the help 
of the spectator conditions and the Clebsch-Gordan coefficients 1- which couple the 
quark and antiquark spins to zero meson spin. 
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The warning that we have sounded at the end of the previous subsection has to be 
repeated here. The microscopic meson current, as defined in Eq. fl3T]) does not behave hke 
a 4-vector under Lorentz transformations A. Rather it transforms by the Wigner rotation 
Ry^{v,A). The current with the correct transformation properties is again the one involving 
the physical meson momenta, i.e. 

J™(Pc; Pc) := {B.{v))f J™(lc; Ic) • (32) 

In general, the 4-momentum transfer between incoming and outgoing (active) quark = 
{kg — kq)^ deviates from the 4-momentum transfer between incoming and outgoing cluster 
qf^ = (Uc — hcY- Whereas the 3-momentum transfers are the same on the hadronic and 
on the constituent level, zero components differ, 

q^ ^ q^ . Due to the center-of-mass kinematics associated with the velocity states ujk^ = ^k'^-. 
and hence g° = 0, but on the other hand ojI, = uj\^ — 2q ■ k^ so that g° 7^ 0. This 
means that not all of the 4-momentum transferred to the cluster is also transferred to 
the active constituent. Nevertheless, the microscopic current J'^^^^'^ {hc'ihc) ^^^1 hence also 
jmicro^^^. is conserved, i.e. {pc—VcY J'^^^^^iPc'^Vc) = 0. The analytical proof of current 
conservation amounts to showing that the integral in Eq. (!3T]) vanishes if the spinor product 
u'-yi^u is replaced by u'jo^ujg — ujq)u. By a change of the integration variables d^k'^ d?kq it 
can be shown that the integral over u'jQUJqU goes over into the integral over u'jQUJqU and vice 
versa so that the difference vanishes. 



III. IDENTIFYING THE MESON FORM FACTOR 

By comparing the optical one-photon-exchange potentials for electron-meson scattering 
on the hadronic and the constituent levels we are now in the position to extract the vertex 
form factor in a unique way. If the cluster has the same (external) quantum numbers as the 
meson, we can equate the right-hand-sides of Eqs. f|T7j) and fl30l) to find 

f{Am,\kM\) = - — p^^^^. — - — , (33) 

with JP°™* being defined in Eq. (fT6l) . Here we have introduced \kM\ as a further argu- 
ment of the vertex form factor since it is a priori not clear from its microscopic expression, 
Eq. (I33l) . that it will only depend on Am. Poincare invariance of our Bakamjian-Thomas 
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FIG. 2: I A;m I -dependence of the pion form factor for different values of = Am^ (Q^ = GeV^ 
solid, = 0.2 GeV^ dashed, = 0.5 GeV^ dotted) as evaluated by means of Eq. (l33]) . 



type approach would not be spoiled by vertex form factors that also depend on the whole 
set of independent Lorentz invariants involved in the process. For elastic electron-meson 

2 



scattering these are, e.g., the Mandelstam variables s = yy rrie + I^a/P + y i^m + I^mP 
and t = —Arn? = —Q"^. 

A reasonable microscopic model for an electromagnetic hadron form factor should, of 
course, only depend on the momentum transfer Am = and not on -^i, the invariant 

mass of the electron-meson system. To check, whether this is the case for our form factor 
expression, Eq. ( l33l) . we make a numerical study with a simple harmonic oscillator wave 
function for the quark-antiquark bound state: 

2 



uoo{\kg\) 



-e 2a^ 



(34) 



^1/4^3/2 

There are just two free parameters in this simple model, the oscillator parameter a and the 
constituent- quark mass rriq. For later comparison we take these parameters from a paper 
of Chung, Coester, and Polyzou [lol in which a reasonable fit of the pion form-factor data 
has been achieved using front-form quantum mechanics by choosing a = 0.35 GeV^ and 
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TUq = 0.21 GeV. We want to emphasize that our goal is not to end up with an optimal fit of 
the pion form factor, but we rather want to exhibit the virtues of our point-form approach 
and compare it to other attempts to develop microscopic models for hadron form factors. 
The dependence of the pion form factor on (or Mandelstam s) for different values of 
the momentum transfer Q, as evaluated by means of Eq. (155]) . is shown in Fig. [2J What 
one observes is a moderate dependence on |/cm| at low energies which vanishes nearly com- 
pletely for I^Afl > 2 GeV. In addition, this |A;m| -dependence becomes weaker with increasing 
momentum transfer Q^. 

These observations mean that the electromagnetic meson current J^^'^^°{p'm',Pm) (cf. 
Eq. (152]) ). which we have derived from the one-photon exchange optical potential, does 
not have all the properties it should have. It satisfies current conservation and transforms 
like a 4-vector, but it cannot be written as a sum of covariants times Lorentz invariants 
{Q"^ and Tn\.j) which are solely built from the incoming and outgoing meson 4- momenta {p^^ 
and Pm). Actually, this result is not too surprising. Recall that the electromagnetic ver- 
tex has been approximated such that electron-meson scattering could be treated within the 
Bakamjian-Thomas framework. Associated with the Bakamjian- Thomas framework is the 
problem of cluster separabilty 4|]. In our approach this problem is inherent in the definition 
of the cluster wave functions via velocity states, Eqs. (125|) and (126|) . The wave function of 
the cluster changes with the presence of additional particles, even if these particles don't 
interact with the cluster. This change is essentially proportional to the fraction of the cluster 
binding energy over the invariant mass of the whole electron-meson system. 

Therefore the |/cm| -dependence vanishes rather quickly with increasing invariant mass 
and it is suggestive to take the limit |/ca,/| ~^ oo. In this way one ends up with a vertex form 
factor that depends only on the momentum transfer Q^. It is even more interesting to see 
explicitly that in this limit the microscopic meson current, Eq. (I3T!) . can be cast into the 
same form as the phenomenological meson current, Eq. (fT6l) . i.e. 

J™(4; kM) (Q, + Q,) {k'M + ku), F{Q') . (35) 

This allows us to extract the electromagnetic form factor directly from the limiting expression 
of J™"^''°(A;^j; A;m) without making use of Eq. (!33l) . The final result is 

FiQ')= Jim f{Am = Q,\kM\)= [ d% S {\Pq\) Y,uk) Uno ilk) YooiK) ■ 

(36) 
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The spin-rotation factor S is the |A;m| oo hmit of the trace of the Wigner D function 
occurring in Eq. (!3T1) . In order to find exphcit expressions for kg, rrigq and S in terms of the 
integration variable k'^ and the momentum transfer Q we have to specify our kinematics. 
For convenience we choose the (l,3)-plane as the scattering plane and the 3-momenta such 
that 
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VV 



k'M = kM + q- 



(37) 



It shou 
find 
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d be noted that Q is restricted hy Q < 2\k 
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With this choice of kinematics we 
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U3/ iriqq 
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(38) 
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4^kl'm'gg 

'2 kg' + Tn gg 
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2kf 



2kl' + m'gg 



QQ 



2k'g'Q 



m 



QQ 



^qqim'gg + 2kf) 



(39) 



(40) 



F{Q'^) is thus independent of the reference frame. The integrand on the right-hand side of 
Eq. fl36l) depends only on the momentum transfer Q and the internal (anti) quark momentum 
k' , which is integrated over. Details of the confinement dynamics enter solely via the form of 
the bound-state wave function u„o (l^gl) ^oo(^g) and not via the mass of the bound qq cluster. 
What we have achieved with Eq. fl36p is an impulse approximation to the electromagnetic 
meson form factor. In the limit \kM\ oo the whole photon momentum is transferred 



to one of the constituents (since q^ 



q^), whereas the other one acts as a spectator. 



Furthermore it is important to note that the electromagnetic meson current (expressed in 
terms of physical particle momenta) J^^'^^°{Pm',Pm) acquires the correct continuity, covari- 
ance and cluster-separability properties in the limit |/cm| — > oo, as can directly be seen from 
boosting Eq. ([3SD by Bc{v). We can also turn this around and say that we have found a 
reference frame for the 7*M — M subprocess in which a one-body constituent current al- 
ready provides the correct continuity, covariance and cluster-separability properties for the 
electromagnetic meson current. 
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FIG. 3: dependence of the pion form factor in the low-Q^ region, as evaluated by means of 



Eq. ([36]) with (sohd) and without (dashed) spin-rotation factor S. Data are taken from Ref. 



Numerical results obtained with our final expression for the electromagnetic pion form 
factor, Eq. (!36|) . and the simple harmonic-oscillator wave function introduced above are de- 
picted in Figs. [3] and H] along with experimental data. The one-body constituent current, 
which we end up with, together with a simple two-parameter harmonic-oscillator wave func- 
tion is seen to provide a reasonable fit to the pion electromagnetic form factor. Also shown 
is the role of the spin-rotation factor S. The quark spin obviously has a substantial effect on 
the electromagnetic form factor over nearly the whole momentum-transfer range and thus 
cannot be neglected. As will become clear in the following all these findings are not too 
surprising. They coincide with corresponding statements made in Ref. [lol (from where we 
have taken the wave function parametrization) . 
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FIG. 4: Q dependence of the pion form factor scaled by Q , as evaluated by means of Eq 
(solid) and without (dashed) spin-rotation factor S. Data are taken from Refs. 2ll. |22 



(l36ll with 



IV. COMPARISON WITH OTHER APPROACHES 



A. Comparison with front-form results 



The fact that we extract the electromagnetic meson form factor in the limit I^mI oo 
means that the 7*M -h^ M subprocess is considered in the infinite momentum frame of 
the meson. This offers the possibility of making a direct comparison with form factor 
analyses using front form of relativistic dynamics. The |A;m| oo limit of the kinematics 
chosen in Eq. fl37|) implies in particular that we work in a reference frame in which the plus 
component of the 4- momentum transfer .~ ^ mI^^ vanishes, g"*" = frames are also 



19|, 
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271]. One reason is that the impulse 



popular for form-factor studies in front form |4, 
approximation can be formulated consistently in any g+ = frame (for the plus component 
of the current operator) {4]. The other reason is that so called "Z-graphs" are suppressed in 
such frames 27 1. 



Our point form calculation can be related to front form results by an appropriate change 
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of variables. To show this we define the longitudinal momentum fractions ^ and ^' as 

-1 = %, (41) 



9 (') 



and introduce the short-hand notation 



A') _ I 



= (42) 



l2W 



for the intrinsic transverse momentum of the active incoming (outgoing) quark. From 
Eq. we infer that 



e = e' and k'^ = + (1 - Q± with = ^ . (43) 
The invariant mass of the incoming (outgoing) gg-system can then be written as 




ml + K 



{/)2 



With these relations the Jacobian for the variable transformation (fc^', A;^', A;^') ^ (^, k^) 

(45) 



becomes 

^(fe^ fef, ?) _ S.- 
9(e,«:i,4) 4^(1-0 

and the integral for the electromagnetic form factor takes on the form 



F{Q') = ^ i^J'^'ll M <o (|^;|) «„o (l4l) • (46) 

The argument of the wave functions is easily expressed in terms of ^ and k,± if one uses 



kg^'^ = + mg^^/4 and Eq. (jH]). By the change of variables the spin-rotation factor S (cf. 
Eq. (140|) ) goes over into the Melosh-rotation factor 

^ = ^fl + ii^4%^V (47) 

S and describe the effect of the quark spin onto the electromagnetic form factor in point 
form and in front forrn, respectively. Equations fHB]) and flTTI) are identical to the correspond- 
ing formulae in Refs. [19|, l27j. This is a remarkable result. Starting from two different forms 
of relativistic dynamics and applying completely different procedures to identify the elec- 
tromagnetic meson form factor the outcome is the same. It means that relativity is treated 
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in an equivalent way and the physical ingredients are alike. Since the infinite-momentum 
frame we use is just a particular g+ = frame, Z-graph contributions to the electromagnetic 



meson form factor are also suppressed in our point-form approach. 



ture, because Z-graphs can play a significant role in g+ 7^ frames 27|] and one should have 



'his is a welcome fea- 



control on them when form-factor predictions are compared with experiment. 
B. Comparison with the point-form spectator model 



Relativistic point-form quantum mechanics has also been applied in Ref. |l3l . Ill to 
calculate electroweak baryon form factors within a constituent quark model. The strategy 
for the extraction of hadron form factors, however, differs from the one in the present paper. 
The Bakamjian-Thomas type framework which we apply to the full electro n-hadron system 
in order to derive the electromagnetic hadron current is only used to obtain the bound- 
state wave function of the hadron. This wave function is then plugged into an ansatz for 
the electromagnetic hadron current. The ansatz is constrained by the requirements that the 
hadron current should be conserved and should have the correct properties under space-time 
translations and Lorentz transformations. It is shown that these constraints can be satisfied 
by a spectator current if not all of the photon momentum is transferred to the struck quark. 
The momentum transfer to the active quark Q is uniquely determined by total 4-momentum 
conservation for the 7*ff H subprocess and by the spectator conditions. An ambiguity in 
defining such a spectator current, however, enters through a normalization factor M which 
has to be introduced in order to recover the hadron charge from the electric form factor in the 



limit ^ 28| . Since both quantities, Q and M depend effectively on all quark momenta 



and not only on those of the active ones, the model current constructed in this way cannot 



be considered as a pure one-body current 29|. It has therefore been termed "point-form 



spectator model" (PFSM) to distinguish it from the usual impulse approximation. 

Another characteristic feature of PFSM form factors is that they are determined not only 
by the hadron bound-state wave function, but also exhibit an explicit dependence on the 
mass of the bound state. Within the PFSM the eigenvalue spectrum of the mass operator 
is thus directly connected with the electromagnetic structure of its eigenstates. This makes 
it somewhat delicate to compare our form-factor results for the simple harmonic-oscillator 
confinement potential with corresponding PFSM predictions. Whereas the wave function 
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is solely determined by the oscillator parameter a (cf. Eq. (IMI) ). another free constant Vq 
can be added to the confinement potential to shift the spectrum. Unlike our results, which 
do not depend on Vq, the PFSM predictions exhibit a strong dependence on Vq. Taking 
a = 0.35 GeV (as above) and Vq < 0, such that if the harmonic oscillator ground state 
were to coincide with the physical mass of the pion, the fall-off of the form factor would be 
unreasonably strong. With Vq = 0, on the other hand, the pion ground-state mass would 
be larger than 1 GeV and the fall-off of the form factor would be much too slow. We have 
therefore tried to take another set of parameters for the harmonic-oscillator confinement po- 
tential which is fixed through the vector-meson spectrum [18^. With this set of parameters, 
i.e. a = 0.312 GeV, Vq = —1.04 GeV^ and = 0.34 GeV, the masses of the vector meson 
ground states and first excited states are reasonably well reproduced. Applying them to the 
TT meson and its excitations we observe that the first and second radial excitations are about 
10% too high as compared with experiment and the vr ground state has a mass of 0.77 GeV. 
These are reasonable values for a pure central confining potential in view of the fact that 
spin-spin forces from an additional hyperfine interaction can bring them close to the experi- 
mental masses 30|]. But for the purpose of a qualitative comparison of our coupled- channel 
formalism with the PFSM we just stay with the simple harmonic-oscillator q-q potential. 
If it is parameterized as in Ref. 18| the predictions for the electromagnetic vr form factor 
obtained by means of Eq. (I36l) and with the PFSM become comparable at small momentum 
transfers (cf. Fig|5l). Above ^ 1 GeV^, however, significant differences can be observed. 
These differences resemble the situation for the electromagnetic nucleon form factors. In the 
latter case the stronger fall-off produced by the PFSM is a welcome feature which brings 
the theoretical predictions from constituent quark models close to experiments 29|. For 
the usual front-form spectator current in the q~^ = frame agreement with experiment is 
achieved only by introducing electromagnetic form factors for the constituent quarks 31|. 
It remains to be seen whether the situation for the electromagnetic vr form factor could 
also change in favor of the PFSM if a more sophisticated q-q potential is employed which 
reproduces the mass of the vr meson and its lowest excitations sufficiently accurately. 
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FIG. 5: The electromagnetic pion form factor F {Q^) as evaluated by means of Eq. ()36|) (solid 
line) in comparison with the outcome of the point-form spectator model (dotted line). Data as in 
Figs. E] and H 

V. SUMMARY AND OUTLOOK 

We have analyzed the electromagnetic structure of pseudoscalar mesons by utilizing the 
point form of relativistic quantum mechanics in connection with a velocity-state represen- 
tation. In this formulation the scattering of an electron by a confined quark-antiquark pair 
becomes a two-channel problem for a Bakamjian-Thomas type mass operator. With the sec- 
ond channel, the egg7 channel, the dynamics of the exchanged photon is explicitly taken into 
account. Confinement is treated via an instantaneous potential. The emission and absorp- 
tion of a photon by an electron or (anti)quark is described by a vertex interaction which has 
the Lorentz structure of the field theoretical vertex, but conserves the 4- velocity of the whole 
egg (7) system. By construction this approach is Poincare invariant. After reduction of the 
eigenvalue problem for the coupled-channel mass operator to a non-linear eigenvalue equa- 
tion for the egg channel, the matrix elements of the electromagnetic meson current can be 
read off from the one-photon-exchange optical potential. As expected the optical potential 
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is a contraction of the point-like electron current with a meson current times the covariant 
photon propagator. The resulting meson current transforms as a 4- vector and satisfies cur- 
rent conservation. The extracted meson form factor, however, depends not only on Q^, i.e. 
the 4-momentum transfer squared, but also on Mandelstam s, i.e. the total invariant mass 
squared of the electron-meson system. This finding hints at a violation of cluster separabil- 
ity, since the meson current is also influenced by the presence of the electron. The violation 
of cluster separability is a consequence of the approximation that the total velocity of the 
electron-meson system is conserved throughout the electromagnetic scattering process. On 
the other hand, it is only because of this approximation that we have been able to formu- 
late electron-meson scattering as a simple eigenvalue problem for a Bakamjian-Thomas type 
mass operator. A possible way to recover cluster separability is the introduction of so called 
"packing operators" 4, l5|, |6|, i.e. appropriate unitary transformations which restore cluster 
separability. We have not made use of such packing operators, but have rather exploited the 
observation that the s-dependence of the meson form factor vanishes rapidly with increas- 
ing s, indicating that cluster-separability-violating effects become negligible if the meson 
momentum is large enough. It has been shown analytically that in the limit of infinitely 
large meson momentum the current goes over into a product of the usual point-like meson 
current times an integral with the integrand depending only on internal variables (which are 
integrated and summed over) and on the momentum transfer Q. The limit of the current is 
a one-body current. The physical meaning of letting the meson momentum go to infinity is 
that the 7*M — M subprocess is considered in the infinite momentum frame of the meson. 
We have thus succeeded in deriving a conserved electromagnetic current for a composite 
pseudoscalar meson which acquires the correct covariance properties under Poincare trans- 
formations if the meson momentum is sufficiently large. It should be emphasized that this 
is no restriction on the (space-like) momentum transfer Q. Finally we have been able to 
prove that our analytical formula for the form factor is equivalent to the usual front-form 
expression that results from a spectator current in the g"*" = frame. 

Apart from confirming that the front- and point-form of relativistic dynamics lead to 
equivalent results for the electromagnetic form factor of a pseudoscalar meson, it might seem 
that there is nothing new in these results. What makes our approach interesting, however, 
is that it can immediately be generalized in various directions. It is quite obvious how 
to proceed for (space-like) form factors of arbitrary few-body systems which are bound by 
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an instantaneous potential. Even more, one could account for dynamical particle-exchange 
interactions by adding additional channels. In this case the current of the bound few- 
body system would not be a simple one-body current, but would also contain many-body 
contributions. In general, the construction of such many-body currents is a highly nontrivial 
task [32]. The advantage of our approach is that the current is uniquely determined by the 
interaction dynamics which is responsible for the binding and can be read off directly from 
the one-photon exchange optical potential in the electron-cluster channel. The only problem 
with this procedure is connected with cluster separability. For the simple example treated 
in this paper this problem has been overcome by going to the infinite-momentum frame of 
the cluster. It remains to be seen whether the same strategy also works in the general case, 
or whether one has to apply packing operators to ensure cluster separability right from the 
beginning. 

In principle, one could also think of applying our coupled-channel formalism to the calcu- 
lation of time-like hadron form factors. One has to study the process e~e~^ — 7* — > HH. In 
this case, however, the situation becomes much more complicated. It is not enough to know 
the bound-state dynamics of the hadron H. It is also necessary to specify the (strong) inter- 
action mechanism that produces those hadronic constituents which do not directly couple 
to the photon. In the time-like case the argument of the form factor is Mandelstam s. It is 
therefore not possible to go into the infinite momentum frame in order to get rid of problems 
with cluster separability, which most likely will show up as additional angular dependence 
of the form factors. A possible way out could again be the application of packing operators. 

To summarize, we have presented a relativistic formalism which makes it possible to derive 
the electromagnetic current and form factors of a bound few-body system consistent with 
the binding forces. In this paper the formalism has been worked out in detail for a quark- 
antiquark pair with the quantum numbers of a pion which is confined via an instantaneous 
potential. The formalism, however, is much more general and applications to other systems 
with more complicated bound-state dynamics will be the subject of further investigations. 
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Note that the velocity-state representation is associated with center-of-mass kinematics, c.f. 
Eq. dl). 

Note that q = k^, but ^ = tok^ = \k^\. 
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